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Abstract
In this paper we find a realization for the D’B’-boundary condi-
tions, which imposes vanishing normal derivatives of the normal com-
ponents of the D and B fields. The implementation of the DB bound-
ary, requiring vanishing normal components of D and B, is known. It
is shown that the realization of the D’B’ boundary can be based on a
layer of suitable metamaterial, called the wave-guiding quarter-wave
transformer, which transforms the DB boundary to the D’B’ bound-
ary. In an appendix, the mixed-impedance boundary, which is a gen-
eralization of both DB and D’B’ boundaries, is shown to transform to
another mixed-impedance boundary through the same transformer.
1 Introduction
Electromagnetic boundary-value problems are normally defined in terms of
impedance-boundary conditions. In turn, these involve linear relations be-
tween electric and magnetic field components tangential to the boundary
surface. Denoting by n the unit vector normal to the boundary, the general
form for such conditions can be written as [1]
n× E = Zs ·H, or n×H = Ys · E = 0, (1)
where Zs and Ys are the surface-impedance and surface-admittance dyadics,
satisfying n · Zs = Zs · n = 0 and n · Ys = Ys · n = 0. Thus, the normal
1
components of the E and H vectors do not play any role in (1). Typical ex-
amples of impedance-boundary conditions are the PEC and PMC conditions,
n×E = 0 and n×H = 0, corresponding to the respective cases Zs = 0 and
Ys = 0. It is alternatively possible to define boundary conditions in terms of
the normal components of the fields. In fact, conditions of the form
n ·D = 0, and n ·B = 0, (2)
originally introduced in [2], have been shown to yield unique solutions to
boundary-value problems [3, 4].
The conditions (2) have recently proved important in constructing electro-
magnetic cloaking structures [5, 6, 7]. The conditions (2) have subsequently
been dubbed DB-boundary conditions [8, 9]. Other boundary conditions
involving the normal components and/or the normal derivatives of normal
components of the fields were introduced in [10]; in particular the require-
ments
∇ · (nn ·D) = 0, and ∇ · (nn ·B) = 0 (3)
were named D’B’-boundary conditions. It has been shown that objects with
certain symmetry properties and defined by either DB or D’B’ boundary
conditions have zero backscattering, i.e., they cannot be seen by radar [11].
All boundary conditions defined above are mathematical concepts. From
the practical point of view one faces the problem of realizing them in terms of
physical structures, as precisely as possible. It is known that the PEC bound-
ary corresponds to an interface of an ideally conducting material, which can
be approximated by metals. In [2] it was shown that the DB boundary can
be implemented by an interface of an anisotropic medium, whose normal
permittivity and permeability parameters become zero. Other possibilities
have also been suggested. Up till now it has been a problem to find a real-
ization for the D’B’ boundary. The problem will be addressed in this paper
by assuming an isotropic half space z < 0 with planar boundary z = 0, at
which the D’B’ conditions (3) have the form
∂zDz = 0, ∂zBz = 0. (4)
The problem is handled in terms of a plane wave of fixed frequency inci-
dent to the boundary. It is obvious that, if the D’B’ conditions are satisfied
by an arbitrary plane wave, being linear, the conditions are satisfied by a
field consisting of a sum or an integral of plane waves, in fact, by any elec-
tromagnetic field outside its sources.
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As a guiding principle in the realization we use the knowledge that the
eigenpolarizations for the plane wave reflecting from the D’B’ plane, as well
as from the DB plane, are the TE and TM polarizations with respect to
the normal of the plane. In fact, one can show that an incident TE wave is
reflected as a TE wave and an incident TM wave is reflected as a TM wave.
It is also known that for these eigenpolarizations a DB and D’B’ plane can be
replaced by a corresponding PEC and PMC plane, according to the following
table [10]
TE TM
DB PEC PMC
D’B’ PMC PEC
Table 1: Boundary conditions involving normal field components can be
replaced by effective PEC and PMC conditions for fields with TE and TM
polarizations.
Since it is known that the eigenwaves in a uniaxially anisotropic medium
are also TE and TM polarized [12], it appears natural to study the possibility
of realization in terms of such a medium.
2 Plane-wave in uniaxial anisotropic medium
Let us consider the uniaxial anisotropic medium defined by the medium equa-
tions
D = ǫtEt + ǫzuzEz, (5)
B = µtHt + µzuzHz, (6)
where Et and Ht are components transverse to the z axis. Assuming a plane-
wave in the medium with fields of the form
E(r) = Ee−jkxxe−jβz, (7)
H(r) = He−jkxxe−jβz, (8)
the Maxwell equations can be written as
(kxux + βuz)×E = ωµtHt + ωµzuzHz, (9)
(kxux + βuz)×H = −ωǫtEt − ωǫzuzEz. (10)
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When expanding in component form, the equations split in two groups, one
consisting of
kxEy = ωµzHz (11)
βTEHx − kxHz = −ωǫtEy (12)
−βTEEy = ωµtHx, (13)
which corresponds to the TE component, and
kxHy = −ωǫzEz (14)
βTMEx − kxEz = ωµtHy (15)
−βTMHy = −ωǫtEx, (16)
which corresponds to the TM component.
Eliminating the transverse fields, two equations remain, one for Bz =
µzHz and the other one for Dz = ǫzEz,
(β2TE + k
2
x(µt/µz)− k2t )Bz = 0, (17)
(β2TM + k
2
x(ǫt/ǫz)− k2t )Dz = 0, (18)
with
kt = ω
√
µtǫt. (19)
The propagation factors can be solved as
βTE =
√
k2t − k2x(µt/µz), (20)
βTM =
√
k2t − k2x(ǫt/ǫz). (21)
Since all fields have the same x dependence, exp(−jkxx), we may omit
it, and consider the axial fields consisting of waves propagating in the two
directions ±uz as
Dz(z) = D+e
−jβTMz +D−e
jβTMz, (22)
Bz(z) = B+e
−jβTEz +B−e
jβTEz. (23)
The transverse fields can then be expressed as
Ey(z) =
ω
kx
(B+e
−jβTEz +B−e
jβTEz), (24)
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Hx(z) = −
βTE
kxµt
(B+e
−jβTEz −B−ejβTEz), (25)
Hy(z) = −
ω
kx
(D+e
−jβTMz +D−e
jβTMz), (26)
Ex(z) = −
βTM
kxǫt
(D+e
−jβTMz −D−ejβTMz). (27)
3 Layer of wave-guiding medium
After some analysis, one can show that, while the DB boundary can be real-
ized by the interface of a uniaxial medium (one with zero axial parameters),
there does not seem to exist a corresponding medium realizing the D’B’
boundary. The next best choice would be to use a layer of uniaxial medium,
extending from z = 0 to z = d, as a transformer, for the purpose of trans-
forming a DB boundary at z = d to a D’B’ boundary at z = 0. Because the
boundary conditions must be independent of the parameter kx, i.e., valid for
all plane waves, let us assume that the axial parameters of the layer medium
grow large as
ǫz/ǫt →∞, µz/µt →∞. (28)
In this case the two propagation factors (20) and (21) are reduced to
βTE → kt, βTM → kt, (29)
independent of the wavenumber kx. Such a medium is an example of the
wave-guiding medium introduced in [13]. In a wave-guiding medium, a field
with any amplitude distribution (in the plane transverse to the z axis) will
retain its distribution when propagating along the z axis. This resembles
propagation in a bunch of waveguides parallel to the z axis with no interaction
between the fields in the waveguides.
It has been shown that a layer of suitable wave-guiding medium (with
transverse anisotropy allowed), terminated by a PEC plane at z = d is able
to produce any given boundary impedance dyadic Zs at the plane z = 0
[13]. Let us now study the possibility that the present wave-guiding medium
(with transverse isotropy) can be used for transforming DB conditions to
D’B’ conditions. Requiring the DB conditions at z = d
Dz(d) = D+e
−jktd +D−e
jktd = 0, (30)
Bz(d) = B+e
−jktd +B−e
jktd = 0, (31)
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we can solve for the coefficients D− and B− whence the normal fields at z = 0
can be expressed as
Dz(0) = 2jD+e
−jktd sin(ktd), (32)
Bz(0) = 2jB+e
−jktd sin(ktd). (33)
The transverse fields at the interface z = 0 now become
Ey(0) =
2jω
kx
B+e
−jktd sin(ktd), (34)
Hx(0) = −
2kt
kxµt
B+e
−jktd cos(ktd), (35)
Hy(0) = −
2jω
kx
D+e
−jktd sin(ktd), (36)
Ex(0) = −
2kt
kxǫt
D+e
−jktd cos(ktd), (37)
and they are continuous across the interface.
4 Realization of D’B’ conditions
Considering fields in the isotropic half space z ≤ 0 with parameters ǫo, µo,
consisting of an incident and a reflected plane wave,
E(x, z) = e−jkxx(Eie−jkzz + Erejkzz), (38)
we can match the tangential fields at the interface z = 0 to those of the
wave-guiding medium. Because the plane-wave fields have no sources, they
satisfy
∇ ·D = ∂zDz + ǫo∂xEx = 0 (39)
∇ ·B = ∂zBz + ǫo∂xHx = 0, (40)
whence at the interface we have
∂zDz(0) = jkxǫoEx(0) (41)
= −2jktǫo
ǫt
D+e
−jktd cos(ktd), (42)
∂zBz(0) = jkxHx(0) (43)
= −2jktµo
µt
B+e
−jktd cos(ktd). (44)
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It is now obvious that the D’B’ conditions (4) can be enforced by choosing
the thickness of the layer as
d = π/2kt. (45)
Thus, the boundary with DB conditions at z = d is transformed to a bound-
ary with D’B’ conditions at z = 0. Defining the wavelength λ in the wave-
guiding medium by ktλ = 2π, whence d = λ/4, the structure can be called
wave-guiding quarter-wave transformer. The transformation can be easily
generalized to mixed boundary impedance conditions [16]. The equations
are given as an Appendix.
Since the transverse parameters of the wave-guiding medium can be freely
chosen, the transformer length d can be made as small as one wishes by
letting µtǫt grow large enough. Here we must, however, distinguish between
the two different orders of magnitude involved in the axial and transverse
medium quantities as is seen from (28). Recalling that the realization of
the DB boundary (by vanishing axial parameters) may also lead to a thin
sheet of material [5, 9, 14], the final realization of the D’B’ boundary may
theoretically be achieved by a thin double sheet. Because the boundary
conditions are local, the same thin-sheet implementation apparently remains
valid for smoothly curved boundary surfaces as well.
5 Conclusion
So far, the D’B’ boundary conditions have not found a physical realization.
The paper presents one solution for this problem. The implementation of the
DB boundary is known in terms of the interface of a uniaxially anisotropic
medium with zero axial parameters (ZAP medium). Here, it is suggested that
the planar D’B’ boundary is realized by transforming such a DB boundary
by means of a wave-guiding quarter-wave transformer. Such a device is a
quarter-wave slab of uniaxial medium with infinitely large axial parameters.
Thus, the open question whether the D’B’ boundary is just a mathematical
artefact, without a physical counterpart, has been answered. In an appendix
the quarter-wave transformer is shown to transform a set of more general
mixed-impedance boundary conditions to a similar form with transformed
parameters.
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6 Appendix: Mixed boundary conditions
The conditions for the DB and D’B’ boundaries have been extended to more
general forms in [15, 16]. In the form
jkηBz − ZTE∂zBz = 0, (46)
jkZTMDz − η∂zDz = 0, (47)
they include the DB conditions (ZTE = 0, ZTM =∞) and the D’B’ conditions
(ZTM = 0, ZTE = ∞) as special cases. (46) and (47) were called mixed-
impedance boundary conditions in [16] because the boundary is seen as the
surface impedance ZTE by a TE field and as the surface impedance ZTM by
a TM field.
Assuming that (46) and (47) are valid at z = d = π/2kt, the conditions
for the field are
jkηBz(d)− ZTE∂zBz(d) =
= kη(B+ − B−) + ktZTE(B+ +B−) = 0, (48)
jkZTMDz(d)− η∂zDz(d) =
= kZTM(D+ −D−) + ktη(D+ +D−) = 0, (49)
whence we can solve for two of the amplitudes as
B− =
kη + ktZTE
kη − ktZTE
B+, (50)
D− =
kZTM + ktη
kZTM − ktη
D+. (51)
The fields and their derivatives at the interface z = 0 are
Dz(0) = D+ +D− =
2kZTM
kZTM − ktη
D+, (52)
Bz(0) = B+ +B− =
2kη
kη − ktZTE
B+, (53)
∂zDz(0) = −jktD+ + jktD− = jkt
2ktη
kZTM − ktη
D+ (54)
∂zBz(0) = −jktB+ + jktB− = jkt
2ktZTE
kη − ktZTE
B+. (55)
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Eliminating the amplitudes D+, B+ leaves us with the conditions
jk2t ηDz(0)− kZTM∂zDz(0) = 0, (56)
jk2tZTEBz(0)− kη∂zBz(0) = 0, (57)
which is another set of mixed-impedance boundary conditions. Comparing
these to (46) and (47), we can identify the transformed parameters, denoted
by primes, as
Z ′TE/η = η/ZTE, Z
′
TM/η = η/ZTM , (58)
k′ = k2t /k. (59)
Here η is an arbitrary normalizing impedance parameter and k is a given
wave number. Thus, the transformer inverts the two normalized impedance
parameters. Let us check the main special cases:
• DB-boundary, ZTE = 0, ZTM =∞ is transformed to Z ′TE =∞, Z ′TM =
0, i.e., to a D’B’-boundary and vice versa.
• PEC boundary ZTE = ZTM = 0 is transformed to Z ′TE = Z ′TM = ∞,
i.e., to a PMC boundary and vice versa.
• The conditions of an isotropic impedance boundary ZTE = ZTM = η,
k = kt are transformed to itself.
Since a special case of the mixed-impedance conditions (46), (47) of the
form ∂zDz = 0 and Bz = 0 can be shown to coincide with the PEC conditions
[10], one may hope that for some value of d one could actually transform the
PEC boundary to the D’B’ boundary. However, working with the transfor-
mation equations for general d shows us that this is not possible; neither the
DB nor the D’B’ conditions can be obtained by transforming the PEC or
PMC conditions for any choice of d.
References
[1] I.V. Lindell, Methods for Electromagnetic Field Analysis, 2nd ed., New
York: IEEE Press, 1995.
[2] V.H. Rumsey, ”Some new forms of Huygens’ principle,” IRE Trans.
Antennas Propagat., vol.7, Special supplement, pp.S103–S116, 1959.
9
[3] K.S. Yee, ”Uniqueness theorems for an exterior electromagnetic field,”
SIAM J. Appl. Math., vol.18, no.1, pp.77–83, 1970.
[4] R. Kress, ”On an exterior boundary-value problem for the time-
harmonic Maxwell equations with boundary conditions for the normal
components of the electric and magnetic field,” Math. Meth. in the Appl.
Sci., vol.8, pp.77–92, 1986.
[5] B. Zhang, H. Chen, B.-I. Wu, J.A. Kong, ”Extraordinary surface voltage
effect in the invisibility cloak with an active device inside,” Phys. Rev.
Lett., vol.100, 063904 (4 pages), February 15, 2008.
[6] A.D. Yaghjian and S. Maci, ”Alternative derivation of electromagnetic
cloaks and concentrators,” New J. Phys., vol.10, 115022 (29 pages),
2008. Corrigendum, ibid, vol.11, 039802 (1 page), 2009.
[7] R. Weder, ”The boundary conditions for point transformed electromag-
netic invisible cloaks,” J. Phys. A, vol.41, 415401 (17 pages), 2008.
[8] I.V. Lindell and A.H. Sihvola, ”DB boundary as isotropic soft surface,”
Proc. Asian Pacific Microwave Conference, Hong Kong, December 2008
(4 pages), IEEE Catalog number CFP08APM-USB.
[9] I.V. Lindell and A. Sihvola: ”Electromagnetic boundary condition and
its realization with anisotropic metamaterial,” Phys. Rev. E, vol.79,
no.2, 026604 (7 pages), 2009.
[10] I.V. Lindell and A. Sihvola, ”Electromagnetic boundary conditions de-
fined in terms of normal field components,” Trans. IEEE Antennas
Propag., vol.58, no.4, pp.1128–1135, April 2010.
[11] I.V. Lindell, A. Sihvola, P. Yla¨-Oijala and H. Walle´n, ”Zero backscatter-
ing from self-dual objects of finite size,” IEEE Trans. Antennas Propag.,
vol.57, no.9, pp.2725–2731, September 2009.
[12] H.C. Chen, Theory of Electromagnetic Waves, New York: McGraw-Hill,
1983.
[13] I.V. Lindell and A. Sihvola, ”Realization of impedance boundary,” IEEE
Trans. Antennas Propag., vol.54, no.12, pp.3669–3676, December 2007.
10
[14] I.V. Lindell, A.H. Sihvola, ”Zero axial parameter (ZAP) sheet,” Prog.
Electromag. Res., vol.89, pp.213–224, 2009.
[15] I.V. Lindell, H. Walle´n and A. Sihvola, ”General electromagnetic bound-
ary conditions involving normal field components,” IEEE Antennas
Wireless Propag. Lett., vol.8, pp.877–880, 2009.
[16] H. Walle´n, I.V. Lindell and A. Sihvola, ”Mixed-impedance boundary
conditions,” IEEE Trans. Antennas Propag., vol.59, no.X, pp.xxx–xxx,
to appear.
11
